A new approach for computing the atom-in-molecule ͓quantum theory of atoms in molecule ͑QTAIM͔͒ energies in Kohn-Sham density-functional theory is presented and tested by computing QTAIM energies for a set of representative molecules. In the new approach, the contribution for the correlation-kinetic energy ͑T c ͒ is computed using the density-functional theory virial relation. Based on our calculations, it is shown that the conventional approach where atomic energies are computed using only the noninteracting part of the kinetic energy might be in error by hundreds of kJ/mol. © 2009 American Institute of Physics. ͓DOI: 10.1063/1.3160670͔ Atomic properties defined within the quantum theory of atoms in molecules ͑QTAIM͒ are useful to describe and predict phenomena in molecules and materials in fields ranging from solid state physics and x-ray crystallography to drug design and biochemistry.
Atomic properties defined within the quantum theory of atoms in molecules ͑QTAIM͒ are useful to describe and predict phenomena in molecules and materials in fields ranging from solid state physics and x-ray crystallography to drug design and biochemistry. 1 The definition of QTAIM atomic properties is based on quantum mechanical principles and the topology of the electron density. 2 At a stationary point on the potential energy surface, the QTAIM atomic energies can be computed from the N-electron correlated wave function, ⌿, using the simple equation, ͑Away from the stationary point there are corrections due to the Feynman forces. 2 ͒ Here, E ⍀ is the energy of an atom with volume ⍀.
Equation ͑1͒ cannot be used directly in Kohn-Sham density-functional theory ͑KS-DFT͒ because there the correlated N-electron wave function is not known. 3 In this paper we will develop alternative expressions, derived from the DFT virial expressions. These expressions were tested with calculations performed using the Amsterdam Density Functional ͑ADF͒ program. [4] [5] [6] So the QTAIM atomic energies complement the set of atomic properties that can be computed with the fast QTAIM method we recently introduced.
7-9
The virial theorem for a molecule can be expressed as 10, 11 
Here E is the total molecular electronic energy, T͓͔ is the ͑exact͒ kinetic energy functional, X ␣ are the nuclear coordinates, and V͓n͔ is the potential energy functional. 10 For a molecule at its equilibrium geometry Eq. ͑2͒ reduces to
In the conventional KS formalism, T͓͔ is given by 11-13 a͒ Author to whom correspondence should be addressed. 
͑4͒
T s is the noninteracting kinetic energy which can be expressed by inserting the KS determinant in Eq. ͑1͒, or in terms of the KS orbitals i ͑r ជ͒,
T c is the correlation-kinetic energy, which can be computed as
͑6͒
E xc , V xc , and xc are the exchange-correlation ͑xc͒ energy, the xc potential, and the xc energy density, respectively. To avoid the ͑numerical͒ evaluation of the gradient of V xc , the last term of the right-hand side of Eq. ͑6͒ can be integrated by parts,
The potential energy functional is given by 11, 12 TABLE II. Values of T s , T c , and the QTAIM atomic energies within the LDA approximation. The SCF energy is shown in the last column. Units are hartree. 
From Eqs. ͑4͒-͑6͒, ͑7a͒, ͑7b͒, and ͑8͒, Eq. ͑3͒ can be rewritten as
Equation ͑9͒ establishes the virial theorem in KS-DFT for a molecule at its equilibrium geometry. Now, since the QTAIM atomic volumes form a nonoverlapping partition of the space, R 3 = ഫ A ⍀ A , 1,2 the energy of atom A can be defined using Eq. ͑9a͒,
and the molecular energy is the sum of the atomic energies,
No approximations were made in Eqs. ͑2͒-͑11͒ so these equations are exact. For approximate KS calculations, however, Eqs. ͑3͒ ͓and thus Eqs. ͑9͔͒ are not satisfied exactly because of the finite basis set, the imperfect geometry optimization, and ͑most importantly͒ the approximate xc functional. Table I shows our calculations of the virial ratio, ␥ ͓Eq. ͑9b͔͒, for a set of representative molecules. All calculations reported here were performed with a development version of ADF using a TZP Slater basis at the equilibrium geometry. We used the Dirac exchange functional 15 with the Vosko-Wilk-Nusair correlation functional 16 for the local density approximation ͑LDA͒ calculations and the PerdewBurke-Ernzerhof ͑PBE͒ functional 17 for the generalized gradient approximation ͑GGA͒ calculations. ͑ADF default parameters were used unless otherwise stated. [4] [5] [6] ͒ From Table I we can see that the value of ␥ is not strictly 2 but there is a small deviation due to the reasons mentioned above. Table I also shows the value of the ratio between V KS and T s ,
which is also close to 2 because T c is much smaller ͑Ͻ1%͒ than either T s and ͉V KS ͉. Unsurprisingly, the virial theorem is more nearly satisfied when the contribution from T c is included; this suggests that T c should be included in QTAIM computations of atomic energies. Because there is a small error in Eq. ͑9a͒, there is also a small error in Eq. ͑11͒. In order to overcome this problem, it is conventional to correct the atomic energies by scaling them with the so-called virial factor , 2,18-24
Tables II and III show our calculations for the QTAIM scaled and unscaled energies. To perform the QTAIM atomic integrations we used the fast grid-based method recently introduced; [7] [8] [9] we ensured that every atomic integration was accurate to at least L ⍀ ϳ 10 −3 a.u.. [7] [8] [9] In Tables II and III, we can see that energies obtained using the atomic virial theorem without the T c correction,
can be considered a first approximation to the atomic energies, Eq. ͑13͒. The biggest differences between the "first approximation" ͑E ⍀ Ј ͒ and the improved result from Eq. ͑13͒ ͑E ⍀ ͒ occur for hydrogen atoms; the atomic energies of hydrogen atoms sometimes differ by more than 100%. The importance of these differences will depend on the particular application where QTAIM is used. For example, recently Vila and Mosquera 25 defined the strain energy of oxiranes based on the ͑noncorrected͒ QTAIM atomic energies obtained from KS-DFT calculations ͓Eq. ͑14͔͒. Their strain energy definition is in terms of relative differences between the QTAIM energies of the constituent atoms. Thus some of their conclusions might be modified when the correct KS-DFT QTAIM energies are used ͓Eq. ͑13͔͒. ͑See Ref. 26 for another interesting chemical application of QTAIM energies that might be affected by the conclusions of the present article.͒ The virial factor ͑Ј͒ effectively corrects the "virial theorem error" from approximate KS calculations and allows the SCF molecular energy to be evaluated as the sum of the atomic energies. Notice that the atomic correlation-kinetic energy is sometimes quite negative, especially on heavier atoms. This is not an error: It is possible for the atomic T c to be negative even though the global quantity will always be positive because of the enormous freedom one has in choosing a definition for the local kinetic energy. [27] [28] [29] In conclusion, in this letter we derived, for the first time, exact formulas for the QTAIM atomic energies within the KS-DFT formalism. Comparing results from the new formula, Eq. ͑13͒, to the conventional atomic energy formula for DFT-based QTAIM calculations, Eq. ͑14͒, reveals significant differences, especially for Hydrogen atoms. This suggests that it is important to include the contribution of the correlation-kinetic energy in KS-DFT-based calculations of QTAIM atomic energies. J.I.R. gratefully acknowledges the Vrije Universiteit Amsterdam theoretical chemistry group and all SCM people for hosting him during the development of this work and for sharing their computer facilities. J.I.R. also thanks Miss Silvia Dimitrova for her insightful discussions and for THDs. J.I.R. and P.W.A. acknowledge research support from NSERC and insightful and encouraging discussions with Richard Bader. A.W.G. would like to thank Professor L. Visscher for generous support and is grateful for funding by NWO in the form of a VICI grant for L. Visscher.
